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Abstract. We propose a new approach to study Koszul cohomology of general g^'s on general 
curves via degenerations and deformations. As an application of this new method, we prove pro- 
jective normality for general line bundles L on general curves with h}(L) < 1 and degree greater 
than roughly |g. This improves the bound in a classical theorem of Green and Lazarsfeld. Also we 
give some partial results on vanishing of higher syzygies for line bundles with h}{L) = 1. 



1. Introduction. 

A central problem in curve theory is to describe algebraic curves in a given projective space with 
fixed genus and degree. We would like to understand the extrinsic geometry of the curve IcP r , 
i.e. information about the defining equations of the curve. Koszul cohomology groups in some sense 
carry 'everything one wants to know' about the extrinsic geometry of curves in P r : the number of 
independent equations of each degree containing the curve, the relations between the generators of 
the homogeneous ideal, etc. In this paper, we present a new method using deformation theory to 
study the Koszul cohomolgy groups of general curves in P r . 

Let L be a base point free g r d on a smooth curve X, the Koszul cohomology group K p „(X, L) is 
the cohomology of the Koszul complex at (p, q)-spot 

- A P+1 H°(L) ® H°(X, L*- 1 ) d ^^\PH (L) ® H°(X, L«) A^H ^) ® H°(X, L« +1 ) — 



where 

dp,q{v\ A ... A v p <g> a) = y^(— 1)^1 A ... A Vi A .. A v v <g> Via. 

i 

Koszul cohomology groups K Ptq (X, L) completely determine the shape of a minimal free resolu- 
tion of the section ring 

R = R(X,L) = Q}H°(X,L k ). 

and therefore carry a lot of information of the extrinsic geometry of X. 

In this paper, we are interested in Green's question 

Problem 1.1. (Green) What is the variational theory of the K p JX,L)? What do they look like 
for X a general curve and L a general g r d ? 
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If (X, L) is general in Q r d (in this paper, this means the Brill-Noether number p = g — (r + 
l)(g — d + r) > and (X, L) is a general point of the unique component of Q T g d which dominates 
M g ), it is well known that (c.f. section 2) we have the following picture of k P)Q = dime K Pi q(X, L): 

Table 1. 






h\L) 

















P 





^2,2 


h,2 


ko,2 







kr-2,1 


k2,l 


ki,i 




















1 



where the unknown fc Pj(? 's are only in the two middle rows. Also we have k Pt i — fcp-1,2 is a known 
constant only depending on g, r, d and p, thus it remains to determine k Pt i or equivalently k p -\p. 
for 1 < p < r — 1. 

Problem 11,11 seems to be too difficult to answer in its full generality at this point as one can see 
from some special case of it. 

In the case L = Kx the problem reduces to the generic Green conjecture, which was solved by 
Voisin and is essentially the only known case for all p besides some low genus examples. 

Theorem 1.2. ([23j[24j) Let X be a general curve of genus g > 4. Then Ki^(X, Kx) = for all 
i <p if and only if p < Cliff(X) = ■ 

Using duality theorem (|2.5p , theorem 11.21 determines table 1 completely. 

For arbitrary g' d on a general curve X, even the simplest case to determine K\ t i(X,L) or 
Kq,2(X,L) is open. This is 

Conjecture 1.3. (Maximal rank conjecture for quadrics) For fixed g, r, d, let X be a general curve 
of genus g and \L\ be a general g r d on X, then the multiplication map 

(1.1) S 2 H°(X, L) — H°(X, I?) 

is of maximal rank i.e. either injective or surjective. 

From the definition of Koszul cohomology, 

Ki t i(X,L) = Ker(/i) = { Quadrics in F r containing X }, 

and 

K , 2 (X,L) = Coker(^), 

thus the maximal rank conjecture is just the statement that K\ t i(X,L) and Kq^{X,L) can not be 
both nonzero. 

Our main results in this paper are theorems 11.41 H-61 and 11.71 
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Theorem 1.4. Let (X,L) be a general pair in Q r g d with < 1. Suppose 

d> \g + \, ifh°(L) = 0, or 

d>\g + \, ifh°(L) = l, 

then (X, L) is projectively normal. 

It is a very well known result of Green-Lazarsfeld |17j that any very ample line bundle L on X 
with 

(1.2) deg(L) >2g x + l- 2h l {L) - Cliff (X) 

is projectively normal and the bound is sharp. Notice that (jl.2p implies that h (L) < 1. 
If X is general, 

Cliff(X) = [ 9 -^\, 

thus Green-Lazarsfeld theorem predicts projective normality for general curves if d is bigger than 
roughly |g. Theorem 11.41 thus says that if L is also general, we could improve the lower bound of 
d to roughly \g. 

We use an inductive approach to prove theorem 11.41 First notice that to prove projective nor- 
mality for general (X,L), it suffices to show (jl.ip is surjective (c.f corollary 12. 2p . Secondly we see 
that conjecture 11.31 (denoted by (MRC)) depends on three discrete parameters g, r and h 1 (and 
therefore d = g + r — h 1 ). For each fixed pair of nonnegative integers r and h , we do induction on 
g. We start with the base cases g = (r + l)/i x (i.e p = 0), each step both g and d increase by 1. 
The key step in the inductive argument is 

Theorem 1.5. Let IcP r be a general curve embedded by a general g r d \L\, and suppose one of 
the following two conditions holds 

(a) fi in hl.l\) is infective, or 

(b) \x is surjective and there exists a quadric Q £ Ker(/i) containing X but not containing the 
tangential variety TX := L) u &xT u X , 

then (MRC) r g+1 d+l holds as well. 

Theorem 11.41 then follows from theorem 11.51 and the base cases g = (r + l)h l provided that we 
can verify the hypothesis about TX in theorem 11.51 (b). The base cases for h 1 = 0, 1 correspond to 
the projective normality of rational normal curves (h 1 = 0) and general canonical curves (/i 1 = 1). 
We point out that the base case for h 1 = 2 was proved in [22] also by infinitesimal methods but via 
a different degeneration. 

We could also fix a small r and let h 1 to be arbitrarily large. This is 
Theorem 1.6. The maximal rank conjecture (for quadrics) holds if r < 4. 
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The reason we can get rid of the restriction on degree of the line bundle for small r is because 
we can always verify the hypothesis on TX in theorem 11.51 (b) if r < 4. Thus (MRC) r g d always 
imply {MRCy g+l4+1 . 

For higher syzygies, unlike conjecture 11.31 we do not expect analogously minj/cp^, £^-1,2} = 
for p > 2. We refer the audience to section 2 for a counterexample. Nevertheless, we do wish to 
use the inductive approach as above to obtain certain vanishing results or effective upper bounds 
on k p>g . 

The difficulty to generalize the inductive argument to higher syzygies is two-fold. Firstly, there 
are too few known cases to start the induction with. Besides some low genus examples, Voisin's 
solution to the generic Green conjecture is essentially the only known case. This restrict us only to 
consider h 1 = 1 case. Secondly, for higher syzygies, we do not have an analog of theorem 11.51 

We summarize our results on higher syzygies as below 
Theorem 1.7. Let X be a general curves of genus g, L be a general g r d on X. Then 

(a) Ifg>r + 1, K pA (X , L) = for p > L^J. 

(b) Lf h x (L) = 1 (which implies that g > r + 1), 

K p „ li2 {X,L) = for 1 < p < r - and 
fcp-i l2 (X, L) < (g - 2r + 2p - 1) ([ ~ ^ for p > r - [J J . 

Combining theorem 11.41 and 11.71 fa), we can determine table 1 for general g r d with r < 4: 
Corollary 1.8. For general pair (X, L) in Q r g d with r < 4, g > r + 1, 

mm{k p<1 (X,L),k p ^ 2 (X,L)} = 0. 

Unlike the classical degeneration methods, we use an infinitesimal argument to study theorems 
11.41 to 11.71 which we describe below. 

For a general g r d L' on a general curve C of genus g, suppose we have either K Pi i(C, L') = or 
Kp-i,2(C}L') = 0. We construct a reducible nodal curve Xq of genus g + 1 by attaching on C an 
elliptic tail E and construct Lq on Xq of degree d + 1 in a suitable manner such that H°(C, L') = 
H°(Xq, Lq). There are two cases we need to take care of in the inductive argument. The easy case 
is when K Pj \{C, L') = 0, then K Pt i(Xo, Lq) = by construction and then one could do induction 
on g by attaching elliptic tails one at a time. The more difficult case is that when K p -i^(C, L') y = 
Kr~p,o(C, V ; Kc) = 0. In this case we do not have vanishing of K r _ p fi(Xo, Lq; ujx ) but we can 
describe the generators of it explicitly and compute the obstructions for these classes to deform to 
nearby fibers (X t ,L t ). This is explained in sections 3 and 4. The upshot is that (Xq, Lq) are chosen 
carefully so that K r - p fi(XQ, Lq; ojx q ) is generated by pure tensors in A r ~ p H°(LQ) <g> H (ojx ) an d 
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therefore it is possible to control the obstructions. It turns out that the obstruction classes lies in 
Kr-p-i,i(C,L';Kc) = K Pt i(C, L') v , and they are explicitly written down in theorem 14.11 

When p = 1, under the assumption of theorem 11.51 we could fully control these obstructions and 
show that the extra syzygies in K r _ Pt o(Xo, Lq; &x q ) does not deform to nearby fiber and therefore 
K r _ p fi(X t , L t ;uJx t ) = 0. This means that (MRC) r gd implies (MRC) r g+ld+1 and therefore theorem 
11.51 holds. This is done in section 5. In this section, we also apply theorem 11.51 to prove theorems 
O and EH 

Finally in section 6, we consider higher syzygies for line bundles with h — 1. It is not clear 
that all the extra syzygies in K r _ p fi(Xo, Lq; ux ) are obstructed in general (we do not expect them 
to be all obstructed anyway). Nevertheless, in some special range of p, we are able to prove some 
vanishing results as in theorem 11.71 

Acknowledgements. This work is a continuation of my thesis project. I would like to thank 
my former advisor Herb Clemens for suggesting the problem and method and his constant support 
on this work. I would also like to thank Aaron Bertram, Gavril Farkas and Joe Harris for generously 
sharing their ideas on this problem. 

2. Preliminaries on Koszul Cohomology 

In this section, we recall some basic facts about Koszul cohomology. We will work over the 
complex numbers C. Let X be a projective variety and L be a globally generated line bundle with 
r + 1 sections on X. The information of the geometry of the map : X — > P r is encoded in the 
section ring 

R = R(X,L) = 0F°(X,L fc ). 

fc>0 

Let V = H°(X,L) and form the symmetric algebra S = fc > o S k H°(X, L) = ® k > S k V. R is 
a graded module over S and admits a minimal free resolution of graded S'-modules 

g M m ® c S{-q) ^ ^ © ? M , g ®c S(-q) ^ R ^ 0. 

It is well known that the syzygies M pq can be computed via the Koszul cohomology groups 

Kp,q(X,L) = M p ^ p+q . 

where K Ptq (X, L) is defined as in the introduction. 

Notice that there is also a twisted version of this theory for any coherent sheaf J- on X and any 
subspace W C V . We just take 

R = Q)H°(X, L k ® 0x T). 

k>0 

and 

5 = S k W. 

k>0 
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We denote the Koszul cohomology by 

K p>q (X,L;T,W). 

The Koszul cohomology groups gives information about the extrinsic geometry of the variety. 
For instance, 

(2.1) Ko,q = f° r Q > 2 Mo 5 g = for q > 2 L is normally generated. 
If is satisfied, 

(2.2) K\ y q = for q > 2 <;=^ M^i+g = for q > 2 ix is generated by quadrics, 
where 

I x = Ker(S — > R) 
is the homogeneous ideal of Z in P r . This leads to the following definition: 

Definition 2.1. An ample line bundle L on a projective variety X is said to satisfy property (N p ) 
if Ki tQ (X, L) = for and i < p and q > 2. 

Now suppose X is a general curve, and L is a (complete) g r d on X. What can we say about the 
Betti diagram of the section ring of LI 

First we have that the multiplication map 

(2.3) H°(X, L) ® H°(X, K x ® L' 1 ) — > H°(X, K x ) 

is injective, and if r > 1, which we shall assume throughout this paper, we have 

(2.4) H°(X,K X ®L~ 2 ) = 

Here (12.31) being injective is the well-known Gieseker- Petri theorem and (I2.4p is a direct con- 
sequence of it (c.f. PQ). Green pointed out that it follows from (|2.4p and the duality theorem of 
Koszul cohomology 

(2.5) K M (X,L) = K r ^ p ^ q (X,L;K x ) v 
that 

K p>q (X,L) = for q > 4. 

Also from (|2.3[) . we have 

K p>3 (X, L) v = K r ^ p ^(X, L; K x ) = for p < r - 2, 
since the Koszul differential d r _i_ p _i factors as 

K-i-*H*{L)®H*{Kx®L- x ) dr - 1 - p '-\ /\ r - 2 -PH°(L)®H°(K x ) 

j<g>Id 

and both j®Id and Id® fi are injective. 
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As a consequence, we have 
Corollary 2.2. Lei X be a general curve, L be a globally generated g r d with r > 1. 

(a) L is normally generated if and only if the multiplication map 

fi: S 2 H°(X,L) ^H°{X,L 2 ) 

is surjective. 

(b) If L is normally generated, the homogeneous ideal Ix is generated by quadrics and cubics. 

Proof. The only possible nonzero Ko >q for q > 2 is Kq^{X,L) = Coker(/x). If Kq } 2(X,L) = 0, L is 
normally generated by (|2.ip . fcj g is the number of minimal generators of Ix of degree q + 1, so (b) 
follows. □ 

Moreover, since taking cohomology does not change the Euler characteristic of the complex, we 
have for any 1 < p < i — 1, 

i 

k pA (X,L)-k p ^ lj2 {X,L) = Yl dim c ((/\y)® J ff (X,L^)) 

Denote this number b p (X,L), which only depends on g, r, d, p. Therefore, to determine the 
Koszul cohomology of (X, L), it suffices to determine either row q = 1 or q = 2. 

Based on the maximal rank conjecture, one might expect that analogously 

(2.6) mm{k pA (X, L),k p ^ 2 (X, L)} = 

for general (X,L). But this is not the case. In fact, F. Schreyer (c.f. |15| (4. a. 2)) proved that any 
curve X of genus g, there exists a number do such that if deg(L) = d > do, then 

K P>2 (X, L)^Qifr-l>p>r-g. 
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On the other hand, it follows from a theorem of Green and Lazarsfeld (c.f [16] or [1] Corollary 3.39) 
that for d large, 

K Pil {X,L)±QZ l<p<r-L|j-2. 
Thus for r — g + 1 < p < r — — 2, we do not have (|2.6p . 

3. KOSZUL COHOMOLOGY OF THE CENTRAL FIBER 

Let V be a g r d on a smooth curve C of genus g and Xo = C U E be the reducible nodal curve 
consisting of C and an elliptic curve E meeting at a general point u. Let Lq be the line bundle on 
Xq such that 

Lq\c = L', 

and 

Lq\e = E (v) 

where v ^ u. We would like to study the relations between K Pjq (C,L') and K p ^(Xq, Lq) in this 
section. 

First observe that by construction, any (global) section of L' on C extends uniquely to a section 
of Lq on Xq, thus we have a natural isomorphism (j> : H°(C,L') = H°(Xq, Lq). Moreover, by 
Riemann-Roch, h l (C,L') = h (Xq,Lq), and there is a natural identification 

H (C, K c ® L'- 1 ) ^ (X , w Xo ® L 1 ) . 

A first consequence is 
Proposition 3.1. If K Pyl (C,L') = 0, then K pA (X ,Lq) = 0. 

Proof. Consider the following commutative diagram 

A p+1 H°(L ) A P H°(L ) ® F°(L ) A P_1 ^°(^o) 8) H°(L 2 ) 

A p+1 ff°C&') f\ p ® # (L') A P_1 H°(L') ® H°(L' 2 ) 

where the vertical arrows are restriction maps to C. The hypothesis says that the lower row is 
exact in the middle, a simple diagram chasing gives the conclusion. □ 

The argument in proposition 13. II does not generalize to the case q = 2 because H°(C, L' 2 ) is not 
isomorphic to H°(Xq, Lq). Instead, we dualize using (|2.5p 

K P -\^{C,L'Y = K r _ Pi o(C, L'; Kx ) 

and compare K r _ p fi(C, L' ; Kq) with K r -pfi(Xo, Lq; ojx )- 

Here ux is the dualizing sheaf of Xq and we will think of sections of the dualizing sheaf as 
rational forms on each component of Xq with poles of order at most 1 and with cancellation of 
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residues along the node. In our case, no rational form can have a pole and we have a natural 
identification 

Y> : H°(C,K C )®H (E,K E ) H°(X , u> Xo ). 

Now suppose K r - p ^(C, L'; Kc) = 0, we would like to show that K r _ Pi o(^o 5 Lq; oj Xo ) can be 
generated by pure tensors in 

A r -PH°(X ,L )^H°(X ,i J j Xo ). 

To this end, consider the following commutative diagram 
A r - p+1 H°(L') ® H°(K C ® L'- 1 ) A r - p H°(L') ® tf°(^c) >■ A r - p - 1 # (L / ) ® #°(Kc ® £') 

A r -P +1 H°{L ) ® i?Vx ® Lq *) — ^ A r -PH°(L ) ® #Vx ) — ^ A'-^H^Lq) ® H°(co Xo ® L ) 

the left vertical arrow is an isomorphism because any section in i?°(Xo, wx <8>-ko restricts to zero 
on the -E 1 component. 

Now let {do, oy} be a basis of H°(C,L'). Extend a k uniquely to Xq to form a basis of 
H°(Xq, Lq), still denoting them by a k . Also choose {ujq, ...,u g } a basis of 

H {X ,io Xo ) = H (C,K C )®H°{E,K E ) 

such that under the above identification, {ujq, ...,0J g -i} spans H°(C, Kq) and {u; 9 } spans H°(E, K E ). 
Observe that uji\e = 0for0<i<<7 — 1 and oj 9 \c = 0. 

We can write any element in Ker(Jo) as 

CXk U ...,kr- p ,j A A(7 fcr ._ p ®U)j + ^ Pku.^kr-p <7kl h ... A <T kr _ p ® Ug 

Since the image under <5o of the second term /3 restrict to on C (since u g does), so does the 
image of the first term a. By our assumption, the top row of the above diagram is exact in the 
middle and therefore a 6 Im(5_i). 

We conclude that, 

Y Pk^kr-pVki A ... A a kr _ v ® uj g € Ker(5 ) 
and this can happen only if 

r—p 

Yj Pkl,...,kr- P <7kl A - A ^r-p € /\ V, 

where V C H°(Xq, Lq) is the codimension one subspace consisting of sections which restrict to zero 
on E. Also it is easy to see that a basis of 

r—p 

f\ V®H°{E,K E ) 
are linearly in dependent even modulo Im(5_i). 
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We have proven 

Lemma 3.2. Notation as above, if K t ._ p q(C, V ; Kq) = 0, we have an isomorphism 

K r - pfi (X ,L ;uJx ) — ^ f\ r - p V ®H°(E,K E ). 

4. Infinitesimal calculations 

In this section, we carry out the computation of first order obstructions described in the intro- 
duction. We will use the deformation theory of complexes which was developed in [18] . The general 
set up is as below. 

Let S be a smooth variety, and F* be a bounded complex of locally free sheaves on S: 

dp — i dp 

... ^ pp-i s- pp ^ pp+i ... 

Given a point t £ S, denote F'(t) the complex of vector spaces at t determined by the fibers of F' , 
i.e. 

F'(t) = F"®C(t), 

where C(t) is the residue field of S at t. 

The deformation theory of H l (F'(t)) as t moves near £ S is controlled by the derivative 
complex, which associates a tangent vector v £ TqS a complex: 

D v (d p - 1 ) D v (d p ) 

^ £P'- 1 (if*(0)) HP(F*(0)) 1 HP +1 (F'(0)) ^ - 

A cohomology class [c] £ H p (F*(0)) deforms to first order along v if and only if D v (d p )([c]) = 
£ HP +l (F'(0)). 

To describe the D v (d p ), recall that a tangent vector v £ TqS corresponds to an embedding of 
the dual numbers D into S. So one gets a short exact sequence 

C(0) D C(0) . 

Tensoring the sequence with F* yields a short exact sequence of complexes, which in turn gives rise 
to connecting homomorphisms 

HP(F* ® C(0)) HP +1 (F* ® C(0)) 

HP(F*(0)) HP +1 (F a (0)) 

One checks that D v (d p ) o D v {d p -\) = 0. 

Now Let (Xq,Lq) be the pair constructed in the previous section. We will further assume that 
both (C, L') and the crossing point u are general. (Xq,Lq) determines a limit linear series in the 
sense of Eisenbud and Harris [10J . By counting Brill-Noether numbers, it is easy to see this limit 
linear series is deformable to general pairs (X t ,L t ). So let C — > X — > A be the total space of an 
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one parameter family of general pairs (X t , L t ) G G r g +\ d+l degenerating to (Xq, Lq). We will apply 
the deformation theory described above to the Koszul complex computing K r ^ Pt o(Xf, Lf, wx t ): 

A r -P +1 H°(L t ) ® H°(oj Xt ® L^) c - A r ~ p H°(L t ) ® H (cj Xt ) A'-f- 1 fl fl (L t ) ® # (wx t ® L t ). 

By Gieseker- Petri theorem, the left arrow is injective for all t (even at time zero), so k r - Pt o(X t , L t ; oj Xt ) 
can only go up at t = if Kei(dt) does. We would like to compute the derivative of St at t = 0: 

D t {8t) 

(4.1) K r _pfi(X , L ; wj ) -fC r _ p _i i i(X , L ;o;xo). 

By Lemma E21 (we are still assuming K r _ p fi(C, L'; ifc) = 0), 

K r _ pfi (X ,L ;u; XQ ) — {/\ r ~ p V ® H°(E,K E )). 

Let 

r-p 

o-i! A ... A a ir _ p ® w G /\ V <8> H°(E, K E ), 
we will compute its image under Dt(5t). To this end, write 

M = C(-E)\ Xo = C(C)\ Xo , N = uj x/a (-C)\ Xo = lj x/a (E)\ Xo 
and let di k , Co be sections of C and u x i A extending cjj fe and oj respectively. We can write 
(4-2) a ik =a' ik s E 
and 

(4.3) u = oj'sc, 

where s E (resp. sc) is the section of O x (E) (resp. O x {C)) vanishing precisely on E (resp. C). 
By construction of the derivative complex, 



D t (S t )((T h A ... A a ir _ p g> w) = — -|x 



r ~P ~. A A /t. A A £r. rf* ~' o„r,' 



^.ctjj A ... A a ik A ... A a ir _ p <g> v ik s E u s c 



r—p 



\X 



(4.4) = ^(-1)^ A ... Ad ih A ... A &i r p ® {a' tk oj')\ Xo mod lmS 

k=l 

Since 51 |x G #°PQ))-&0 an d w'|x Q G H°(Xq, N), (a' ik ui')\ Xo may not lie in the image of 

H°(X ,L ) ®H°(X ,lu Xo ) — H°{X Q ,u) Xo ®L G ) 
and in particular D t (5t)(ai 1 A...Aai r _ p ®uj) will contribute to a non-trivial class in K r _ p _x,i(-Xo, Lq; ^x ) 
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To make this idea more precise, choose a basis {o"i, oy} of V adapted to u i.e. o\. G V C 
H°(Xq, Lq) = H°(C,L') vanishes to order exactly k along u and use the same notations as (j4.2|) 
and g3D. We have 

(*i"')Uo 

is not in the image of /i because its restriction to E is not. Howerever for k > 2, we could choose 
suitable extension such that 

Thus for any 1 = i\ < i% < i% < ... < i r _ p < r, 

r—p 

D t (5 t )(aiA(Ti 2 A...A(Ti r _ p ®U)) = -a i2 A...Aa ir _ p (g>{d[u')\x +^(-l) k ai 1 A...Adi k A...A 

k=2 

by looking at its restriction to E, we see immediately that 

{D t {8 t ){oi Aa i2 A ...A<7 ir _ p ®u))\ 2 < i 2 < i 3 < ■■■ < i r - P < r} 
are linearly independent in K r - p -i t i(XQ, Lq; ujx )- 
Thus at this point the rank of Dt(5t) is at least 




and therefore 

(4.5) k r „ p , (X t ,L t ;u Xt ) < Q - ( r " X ) = (^~_ J) 
for t / 0. 

On the other hand, for 2 < i\ < ... < i r - P < r, restricting to .E does not give any information to 
D t (5t)(ai 1 A ... A (Ti r _ p ® uj) since they all restrict to zero on E (modulo Im(<5o))- We will have to 
study the restriction of D t (5t)(^ii A ••• A <7j r _ p ® w) to C. 

Since to'\c € H°(C, Kc(2u)) \ H°(C, Kc), we will view it as a rational 1-form on C with a pole 
of order exactly 2 along it and holomorphic everywhere else and denote it by to'. With the above 
notation, (I4.4j) becomes 

r—p 

(4.6) D t (8 t )(a h A... Aa ir _ p ®w)|c = ^(-l) fc a n A ... A a ik A ... A a ir _ p ® o ih J 

k=l 

= 5o((Ji 1 A ... A a ir _ v ® u/) mod Im<5 

Remark. Here we are still using 5q to denote the restriction to C of the original Koszul differential 
5o on Xq. Equality (|4.6|) does not mean D t (St)((Ji 1 A ... A (Ji r _ v ® w)|c £ bn(5o), since a/ has a pole 
along u. 

□ 
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Thus we have reduced the computation of the rank of Dt(5t) to a problem only depends on 
(C,L>). 

Theorem 4.1. Let C be a general curve of genus g, V be a g r d onC such that K r ~p o(C, L'; Kc) = 
and {a"o, ay} is a basis of H°(C, L') adapted to a general point u 6 C , and co' G H°(C, Kc(2u)) \ 
H°(C, Kq)- Consider the obstruction classes 

{6 (o- h A... A a ir _ p <8)a/) : 2 < h < ... < i r _ p < r} C K r - p - ltl (C, L'; K c ). 

(a) If these classes are linearly independent in K r -.p—ii(C,L',Kc), then 

K r - P fl(X t , L t ; iox t ) — Kp-i^iXt, L t ) y = 0. 

(b) On the other hand, if these classes span K r ^ p -.ii(C,L';Kc), then 

kr-pfl{X t ,L t ;oj Xt ) < U>_0 ~ K-p-i,i(C,L';K c ) = -b p+1 (X t , L t ). 
which implies Kp t i(X t ,L t ) = 0. 

Proof. The hypothesis in case (a) implies that Dt(6t) in (14. ip is either injective , which means no 
elements in K r - Pt o(Xo, Lq; uix ) will extend to nearby. In case (b), the rank of Dt(8t) is 



k r „ p „ 1A (C,L';K c )+ p 



which implies that 



k r - p ,o(X t ,L t ;u Xt ) < [l^ij ~ kr- P -i,i(C,L';K c ) = -b p+1 (X t , L t ). 

Therefore only a subspace of K r - Pt o(Xo, Lq;ujx ) of correct dimension will extend to nearby fibers 
to first order. □ 

To end this section, we give a sufficient condition for the obstruction classes in theorem 14.11 to 
be linearly independent. Consider the diagram of complexes 

A r -P +1 H°(L') (g> H°(K C (8 L , ~ 1 ) c »- A r - p H°(L') ® H°{K C ) — *■ f\ r ~ p ~ l H° (L') ® H°{K C ® L') 

A r - p+1 F°(L') ® L /_1 ) c A r -PH°(L') ® # (£T c (2u))) — A r -P- 1 fi°(L / ) ® #°(Kc7 ® L'(2u)) 



Lemma 4.2. Notation and assumption same as theorem \4-l\ if the bottom row is exact in the 
middle, then the obstruction classes 

{S (a il A ... A a ir _ p <g) a/) : 2 < n < ... < i r _ p < r} 

are linearly independent modulo Im(<5o)- As a consequence of theorem \4-l\ K r - Pj o(Xt,Lt;uj Xt ) = 0. 

Proof. It is obvious that 

{a h A ... Aa ir _ p (g> a/} 
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are linearly independent in A r P H°(L') ® H°(Kc(2u)) modulo image of a. The assumption implies 
that Kei(5 ) = Ker(5) ^ A r - p+1 H°(L') ® H°(K C ® L'- 1 ). Then the statement follows from a 
simple diagram chasing. 

□ 

5. Applications to the Maximal Rank Conjecture 

We prove theorem 11.51 in this section. This sets up an inductive approach to the Maximal Rank 
Conjecture. 

Proof, of theorem ll.5l ) Let C be a general curve of genus g and V be a general g T d on C satisfying 
the maximal rank conjecture. Let {Xq,Lq) be as in section 3. 

(a) If K 1A (C,L') = 0, then by proposition EU K 1A (X ,L ) = and (MRC) r g+l d+1 follows 
from upper-semicontinuity of Koszul cohomology. 

(b) Now suppose the other case that kg^iC, V) = /c r _i i0 (C, L'; Kc) = 0. We need to show that, 
under the assumption (b) of theorem 11.51 K r ^i (X t , L t ; Kx t ) = 0. 

By theorem 14.11 and lemma 14.21 it suffices to show that the sequence 

A r H°{L') ® H°{K C ® L'~ 1 ) c A'^H^L') ® H°{K c (2u))) — ^ A r - 2 H°(L') ® H°(K C ® L'(2u)) 

is exact or equivalently 

Ker(<5) ^ Ker(<5 ), 
which follows from the next lemma. 

□ 

Let My be the kernel bundle defined by the sequence 

My H°(L') ® O c V • 

Taking (r — l)-th wedge, twisting by Kc (resp. Kc{2u)) and then taking global sections, we get 

Ker(Jo) = H°(C, A r ~ x My ® K c ) 

and 

Ker((5) = H°(C, A r ~ 1 My ® K c {2u)) 

Also notice that 

A r My ^ L'- 1 

and therefore 

A r ~ l My ^ My ® L' . 

Lemma 5.1. For a general g T d V on a general curve C of genus g, if there exists a quadric Q C P r 
containing (j)\y\(C) but not containing its tangential surface TC := \J u( zcT u C C P r , then 

H°(C, A 1 " 1 My ® K c ) = H°(C, A r ~ l M L , ® K c (2u)). 
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Proof. By Riemann-Roch, it suffices to show that 

h°(M L , ® Lf) = h°(M L , ® L'(-2u)) + 2r. 
We have diagram with exact rows 



H°(M L , ® L'{-2u)) H°(L') H°(L'(-2u)) — H°(L' 2 (-2u)) 



H°(M L ,®L') 



H°(L')®H°{L') 



H°(L' 2 ^ 



Let H u := H°(L') <g> H°(L'(-2u)) and H u be its image in 



H°(L>)®H°(L') 
A 2 H°(U) 



S 2 H°(L') 



By hypothesis, Ker(//) £ ff u for general u (since Q £ H u ), then it follows that 



and therefore 



dimc(Ker(^')) = dimc(Ker(/i) n H u ) < dimc(Ker(^)) =: m 



dime (Ker (//)) < m - 1 + dim c (A 2 F (L') n H u ) 

= m- l + dimc(A 2 F (L'(-2u))) 

r — 1\ /r + 1 

m — 1+1 =m+ \ — 2r 

2 \ 2 



dimc(Ker(/i)) — 2r. 



□ 



To apply theorem 11.51 we need to verify the assumption about the tangential variety in (b). By 
appendix, if L' is a general non-special g^s on a general curve C of genus r — 3, the number of 
quadrics containing TC is at most 

V - 4 N 
2 

Lemma 5.2. Let C cF r be a general curve of genus g embedded by a general g r d L' with h l {V) < 1. 
Suppose 

r + 2\ , , , /r - 4 

2 J-(M-* + D>( 2 

i/ien f/iere exists a quadric Q on P r containing C but not containing TC. 



Proof. Degenerate (C,L') to (Co,L' ) where Co is a nodal curve with two smooth components Y 
and Z meeting at a general point u. According to the value of /i 1 (L / ), there are two cases. 
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(a) h x {L') = 0. 

L' = g r g+r for g > 0. If < g < r - 3, take g Y = 0, g z = g, L' \ Y = P i(r) and L' \ z = g g 
(One could easily show such (Cq,L' ) can deform to (C,L')). Since there are only 




quadrics containing the tangential variety of the rational normal curve in P r (see appendix) 
and in this range of g, the number of quadrics containing C is at least 

(- 2 )- (M - 9 + 1 H(- 2 )- (9 + 2r + 1) >(V), 

we conclude that there exists a quadric containing the nearby fiber C but not containing 
TC. 

If g > r — 3, we take gy = r — 3, gz = g — r + 3, L' \y = <?2r-3 ( a general one) 
and L' \z = g g _ r+3 - By the numerical hypothesis and proposition 17.11 we get the same 
conclusion, 
(b) h\L>) = 1. 

The argument is similar as above except that we need to deal with L' = g r g+r _i for 
g > r + 1. Again, if r + 1 < g < 2r — 2, we take gy = 0, Z = C, = ^ ) P 1 ( r ) an d 

L' | z = L'(-™) = 3°_i. 

If # > 2r - 2, take #y = r - 3, 5z = g - r + 3, L' \y = g^ r _ 3 , L' \ z = g g _ r+2 - Here L' \ z 
comes from a general g g+ 2 on % twisted by Oz(-ru). The rest of the argument is exactly 
the same as case (a). 

□ 

We could use lemma 15.21 and theorem 11.51 to prove theorem 11.41 

Proof, of theorem II. 4p First notice that by corollary 12. 2 \ to show projective normality of a general 
pair, it suffices to show (jl.ip is surjective. We will fix h 1 and r and do induction on g. 

For h 1 = case, we start with the fact that rational normal curve is projectively normal, (i.e. 
(MRC)q t . holds). For h 1 = 1 case, we use the fact that general canonical curve is projectively 
normal (i.e. (MRC) r r+12r holds). Now assuming (MRC) gd holds, by lemma \572\ as long as 

0,1, cr)-<— + »>(v> 

theorem 11.51 (b) is satisfied, which implies (MRC) g+1 d+1 (which is equivalent to projective nor- 
mality) . Plug in d = g + r — h 1 to (|5.ip , we immediately get the bound on d as in the statement 
of the theorem. 

□ 

Proof, of theorem 1.6) The case r = 1,2 is trivial. The arguments for r = 3,4 are completely 
similar, so we will only prove the case r = 4. Again we do induction on g. First suppose we have 
proved (MRC) for the base cases g = Bh 1 , L = g^ h i +A - Then notice that for r = 4, ( r ^ 4 ) = 
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and therefore there is no quadric containing the tangential variety in theorem 11.51 (b). Thus 
{MRC)g d implies {M RC)^ +l d+v It remains to prove (MRC) for the base cases. When h 1 < 1 
{MRC)\ h i 4fc i_|_4 is clear. If h 1 > 2, we need to show p in (jl.ip is injective. For h 1 = 2, (M RC)f 012 
is well known and is proved in [12]. If h 1 > 3, we we could degenerate again to Co = Y U Z with 
g Y = 10, g x = 5/1 1 - 10, L |y = gf 2 , L \ z = dl h i_ 8 = 5 , 4 h i_ 4 (-4n), again it is easy to check such 
(Co,Lo) is smoothable in Q\ h \ 4h i +i (c.f [22] corollary 6.1 for details). The injectivity of \i in this 
case follows from the same argument as in proposition 13.11 □ 

It was also proved in [13J that for any integer s > 1, (M RC)^* 2s +i) 2«(«+i) n °lds. In this case, 
p = and h 1 = s. Thus by theorem II .51 (a), we have 

Corollary 5.3. (MEC)^ 2 +fc holds for alls>l,k> 0, i.e. {MRC) holds if r = 2h l . 

6. Higher syzygies 

As we mentioned in the introduction, the difficulty to generalize the inductive argument to higher 
syzygies is due to the lack of known cases to start the induction with and no analog of theorem 11.51 
for higher syzygies. Nevertheless, we collect some vanishing results we can obtain in this section. 

Proposition 6.1. For a general g r d L on a general curve X with g > r + 1, K Pt i(X, L) = for 

Proof. Start with the case gx = r + 1, L' = Kx, thanks to Voisin's solution to the generic Green 
conjecture, K Pi i(X,Kx) = for p > L 1 ^"]- If <7 > r + 1, we degenerate to Xq = Y U Z with 
gy = t + 1, gz = g — r — 1, Lq\y = Ky, Lq\z = g^_ 2r = 9d- r (~ ru )- ^ ne statement then follows 
from the same argument as in proposition 13.11 



□ 



Remark. Using the same degeneration as in proposition 16.11 we also have 

k p>1 (X,L) < k^YKy) = [( r - X ) - ( r - ])}r + (V ' A (r 1 ' 



p J \p — 1/ V p ) + 1 

for 1 < p < L^J. We will improve this bound using an infinitesimal argument. 



□ 



Even though we do not have an analog of theorem 11.51 when g is not too big, the inductive 
argument still go through: 

Lemma 6.2. Let C be a general curve of genus g and V be a g r d with h l (L') = 1. If p < r — L^f"J ; 
then the sequence 

A r - p+1 H°(L') ® H°(K C (8 L'~ 1 ) c *- f\ r - p H°{L') ® H°(K c (2u))) f\ r ~ p ~ 1 H a \L') ® H°(K C ® L'(2u)) 

is exact in the middle. 
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Proof. Let t E H°(Kc ® L' ^ be a generator. Multiplication by t gives an embedding 

H°(L') — *-+ H°(K C ) ■ 

Denote its image W. Let C be the image of C under the map given by \Kc{2u)\. C is of 
arithematic genus g + 1 and has a cusp. We can identify H°(C, Kq{2u)) with H°(C' ,uc), where 
ijOqi is the dualizing sheaf of C . With the above notation, we can identify the cohomology group 
in question with K r ~. P; x(C', ujc>\ W) C K r - P; x(C , loq>) . Since curves in K3 surfaces satisfies Green 
conjecture (c.f. [23], [21]), by degenerating C to a cuspidal curve in K3 surface, we have 

K r - Ptl (C,u>c>) = 

for r — p > L^-J • 

□ 

Again we start our induction with a general curve of genus r + 1, and V = Kq. For p < L^-^-J , 
we have 

K P ^ 2 (C,K C Y * K r _ Ptl (C,K c ) = 
Now we apply the construction in section 3, by lemma FOI and lemma 1(01 we get 
Theorem 6.3. For a general g r d L on a general curve X with h 1 ^) = I, 

(a) k p - h2 {X,L) = k r - p>Q (X,L;K x ) = Q if p < r - LfJ. 

(b) k p ^ 2 (X,L)<(g-2r + 2p-l)( r p Z\) tfv>r~Y%\. 

Proof. Again we start our induction on g with a general curve of genus r + 1, and V = Kq- We 
always have 

K p _ 1;2 (C,K c y * K r „ Ptl (C,K c ) = 0. 

for r-p> L^J. 

Now we apply the construction in section 3. If |_fj < r — p, lemma 1^21 and [6721 applies and we 
get (a). 

When LfJ get passed r — p (or equivalently g > 2r — 2p + 1), we nevertheless have estimate (14. 5p 
for each attached elliptic tail. Thus the bounds in (b) follows. 

□ 

Remark. For line bundles with h 1 = 1 the assumption p < r — [_|J is equivalent to the condition 
that d>2g-2+p - [^-\ . Thus theorem [67J is the generic version of the generalized Green- 
Lazarsfeld conjecure for special linear series (c.f [17J). However, this generic version is known to 
follow from the generic Green conjecture (c.f [3] proposition 4.30). It seems to the author that the 
bound in (b) is new. 



□ 
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7. Appendix 

In this appendix, we prove the following statement, which is needed in the proof of theorem 11.41 

Proposition 7.1. For a general curve Cof genus r — 3 embedded in ¥ r by a general g\ r _ 3 , the 
number of quadrics containing TC is at most 

f r - 4 N 
2 

Consider the rational normal curve C of degree d in P d . It is well known that there are 

'd s 



v 2 y 

independent quadrics containing C. Denote them A a & for 0<a<b<d— 1, where A a & is the 
2x2 minor corresponding to columns a and b of the matrix 

/ x xi x 2 x d - 2 ay_i\ 

\Xl x 2 X 3 X d _i x d J 

with the usual convention that A & = — A;, a . 
It is proved in [7] that there are 

fd-2 
V 2 

quadrics containing TC They are 

T a ,b = A a+2) fe — 2A a+1 fo +1 + A ai (, + 2 

for < a, 6 < d - 3. 

Now consider the projection C of C to P r (d = 2r — 3, r > 3) given by: 

t _^ [1 ; ^4 (2r-6 j t 2r- 5) ^-4^ 

C has arithmetic genus r — 3 and has a unique singular point at t = locally isomorphic to 
S*pec(C[t 2 , t 2r_5 ]). Since this is a plane curve singularity, C is smoothable. 0^-/(1) is a non-special 
92r-3 on C thus a ^ so smoothable. We could explicitly compute the quadrics containing TC': 
they are just quadrics in P d containing TC with singular locus containing the center of projection 
L = span{P 1 ,P 3 , P 2r _ 7 } = P r ~ 4 where i* = [0, 0, l( itfc ) , 0]. 

Now if we think of each quadric r a> 6 as a (2r — 2) x (2r — 2) symmetric matrix, we are just looking 
for matrices Q € Sr := spcm{r ai 6| 0<a<6<2r — 6} such that L C KerQ. 

Notice that each r a as a matrix, only has possibly non-zero entries at (i,j)-spot if 

i + j = a + 6 + 3. 

For each 4 < A; < 4r — 10, there are J — 1) Tq^'s on the line 

i + j = k, for 4 < < 2r - 3, 

and (2r - 4 - [^r-J ) r o 6 's if 2r - 3 < k < 4r - 10. 
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Write 

Sr = ®^=l°S k 

where = span{T a ^\ < a < b < 2r — 6, a + b = k — 3}. It is obvious that if Q G Sr vanishes on 
L, then its component also vanishes on L. Thus it suffices to count how many quadrics in each 
Sj~ vanishes on L. 

Let's just consider the case 4 < k < 2r — 3, the other case is similar. 

When k is odd, vanishing on L imposes (^i^) independent conditions on Sk, more than dimension 
of S"fc. Thus no quadrics in Sk vanishes on L. 

When k is even, vanishing on L only imposes independent conditions. We conclude that for 
4 < k < 2r — 3, there are 

E c|-i-rji) = L^r^j 

8<fc<2r-4, k even 

quadrics containing TC' (if r < 5 there are none!). 

Similarly, for 2r — 3 < k < 4r — 10, we count that there are 

r 2 - 8r + 16 r - 4 

L ^ J - L 2 J 

quadrics containing TC'. 
So we get total of 

r 2 — 8r + 16 r 2 — 8r + 16 r — 4 /r — 4 
L 4 J + L ^ J - L 2 J - ^ 2 

quadrics containing TC". By specializing to C, we get a proof of proposition 17.11 
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